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Abstract 



We investigate asymptotic symmetries regularly defined on spherically symmetric Killing horizons 
in the Einstein theory with or without the cosmological constant. Those asymptotic symmetries are 
^ ' described by asymptotic Killing vectors, along which the Lie derivatives of perturbed metrics vanish on 

a Killing horizon. We derive the general form of asymptotic Killing vectors and find that the group of 
the asymptotic symmetries consists of rigid 0(3) rotations of a horizon two-sphere and supertranslations 
1 J ■ along the null direction on the horizon, which depend arbitrarily on the null coordinate as well as 

r> \ the angular coordinates. By introducing the notion of asymptotic Killing horizons, we also show that 

S . local properties of Killing horizons are preserved under not only diffeomorphisms but also non-trivial 

transformations generated by the asymptotic symmetry group. Although the asymptotic symmetry 
group contains the Diff{S^) subgroup, which results from the supertranslations dependent only on the 
null coordinate, it is shown that the Poisson bracket algebra of the conserved charges conjugate to 
asymptotic Killing vectors does not acquire non-trivial central charges. Finally, by considering extended 
symmetries, we discuss that unnatural reduction of the symmetry group is necessary in order to obtain 
the Virasoro algebra with non-trivial central charges, which will not be justified when we respect the 
spherical symmetry of Killing horizons. 
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1 Introduction 

The recent progress in string theory, such as the techniques of D-branesffl and the AdS/CFT correspondences, 
has laid the foundations of the successful methods to derive the Bekenstein-Hawking formula for the entropy 
of a black hole in microscopic manners. However, those methods rely on the particular features to string 
theory, and then we cannot apply them to generic black holes. In addition, it is not clearly discussed in 
string theory where the microscopic states responsible for the black hole entropy live, while it has been 
expected that the entropy of a black hole will be associated with local or quasi-local properties of the black 
hole horizon. These two issues will be closely related, because the universal feature in black hole spacetimes 
is presence of black hole horizons and its role is obscure in those methods of string theory. 

In this respect, the quasi- local analyses [^ §, I3I of black hole horizons will provide helpful insights into 
the black hole entropy. Indeed, in the context of isolated horizonsQ, it has been shownQ for a wide class 
of black holes that the entropy calculated by the method based on loop quantum gravity is proportional 
to the area of the black hole. Since isolated horizons are characterized by the (quasi-)local properties 
of black holes, microscopic physics is associated with the local properties of black hole horizons by this 
method. Unfortunately, however, loop quantum gravity contains an undetermined parameter, called Immirzi 
parameter, and so does the expression of the black hole entropy. 

Thus, we still need to develop microscopic theories of black holes in order to establish a universal method 
applicable to generic black holes, which is required to correctly reproduce the Bekenstein-Hawking formula 
in a microscopic manner and be closely related to local properties of black hole horizons. One possibility 
will be to apply and extend the successful method, by which we can derive microscopically the entropy 
of the B.T.Z. black holcR]. This method is based on the results of Ref.[pl, where it has been shown that 
deformations of the surface at the spatial infinity are generated by the group of asymptotic symmetries and 
are described by the 2-d conformal field theory. The Lie bracket algebra of those asymptotic symmetries is 
then given by two copies of the Diff{S^) algebra, 

[Cn , (.mY = i {m - n) Cn+m , (1-1) 

and the Poisson bracket algebra (in the reduced phase space) is described by two copies of the Virasoro 
algebra (by replacing the commutators with the Poisson brackets), 

* yi[9\ Cn] , 7Y[5; Cm] I = {n - m) 7i[g; Cn+m] + ("-^ ^ ^^ \2 '^"+™'° ' (-^'^^ 

with the central charge c = 3 1/2 G, where the vectors (n generate the asymptotic symmetries, 7i.[g; Cn] are 
the conserved charges conjugate to Cn in a spacetime 5^^, and I is related to the cosmological constant A by 
P = — 1/A. Then, by applying Cardy's formula, the number of the microscopic states in the corresponding 
quantum theory is expressed in terms of the central charge c, which correctly reproduces the Bekenstein- 
Hawking formula for the B.T.Z. black hole. This method is applicable also to higher-dimensional stringy 
black holes, and hence it provides a reliable basis of the AdS/CFT correspondence. 

Although the above method is based on the asymptotic symmetries at infinity in the 3-d anti-de Sitter 
spacetime, it is a tempting idea that we consider asymptotic symmetries on generic black hole horizons. 
When we recall that an event horizon is a conformally invariant structure, we expect that there may exist 
asymptotic symmetries on black hole horizons, and those are described by the conformal field theory. It 
may be misleading to call such symmetries on black hole horizons "asymptotic" symmetries, since a black 
hole horizon generically locates at a finite physical distance from the exterior region. However, here we call 



them asymptotic symmetries, if any, because those are expected to shear some features with usual, genuine 
asymptotic symmetries. 

As to usual asymptotic symmetries, those associated with the B.M.S. groupH and the Spi group|10| are 
also well-known, which are defined respectively at the null and spacelike infinity in a 4-d asymptotically 
flat spacetime. Those asymptotic symmetries are closely related to the asymptotic behavior of the space- 
time geometry. In addition, a remarkable feature common to those asymptotic symmetries is that they are 
generated by the larger groups than the isometry groups in the corresponding maximally symmetric space- 
times. Thus, by a method based on asymptotic symmetries, it will be possible to associate a large number 
of degrees of freedom, which may describe microscopic physics responsible for the entropy of a black hole, 
with the local geometry near the black hole horizon. In fact, a large number of degrees of freedom will be 
necessary for the entropy of a sufficiently large, semi-classical black hole. We then expect that analyses of 
asymptotic symmetries on black hole horizons may provide a clue to establish a universal method to derive 
the Bekenstein-Hawking formula. 

Car lip has analyzed asymptotic symmetries on black hole horizons in two papers [nil n3|, and argued that 
the Poisson bracket algebra associated with those asymptotic symmetries gives the Virasoro algebra, which 
reproduces the Bekenstein-Hawking formula. However, both of these papers have been criticized for the 
errors in the formulations. The functional derivatives of conserved charges are not well-defined p3[ in the 
first paper (see also Ref.[Q), and the generating vectors of asymptotic symmetries do not satisfy the closure 
condition of the Lie bracket algebra|15 in the second paper. Thus, the conceptually plausible idea of Carlip 
to derive the Bekenstein-Hawking formula from asymptotic symmetries on black hole horizons has not been 
successfully realized so far. However, these errors seem related to the singular behavior of the asymptotic 
forms of the relevant quantities. We should take care when we analyze quantities defined on black hole 
horizons. We also need to pay attention to conserved charges on a Cauchy surface, since the Cauchy surfaces 
defined by constant Killing time are generically degenerate on the bifurcation surface of a Killing horizon. 

Then, in this paper, we consider asymptotic symmetries regularly defined on black hole horizons, as well 
as cosmological horizons, which are known to shear thermodynamical properties with black hole horizons pq|. 
We also consider how the asymptotic symmetries are related to local properties of those horizons, and whether 
they are responsible for the Virasoro algebra. To analyze those issues, we focus on Killing horizons in 4-d 
spacetimes described by the Einstein theory with or without the cosmological constant. Although event 
horizons in dynamically evolving spacetimes are not Killing horizons generally, the properties of Killing 
horizons are expressed in the local forms, which suits to our present purpose. Furthermore, we will be 
concerned only with spherically symmetric spacetimes. This is because presence of angular momentum in 
four dimensions may obscure generality of the discussion. The direction specified by the angular momentum 
together with the Killing time defines a preferred 2-d surface, on which we may happen to find the 2-d 
conformal group. However, this method does not work in general, since such a preferred 2-d surface does 
not exist in the spherically symmetric case. We need a formulation which works even in the spherically 
symmetric case. 

Thus, in Section we begin with local geometric features near spherically symmetric Killing horizons, 
along with the examples of the black hole horizon in the Schwarzschild spacetime and the cosmological horizon 
in the de Sitter spacetime. We then consider the asymptotic symmetries on spherically symmetric Killing 
horizons, which are generated by asymptotic Killing vectors. By deriving the general form of asymptotic 
Killing vectors, we analyze features of the asymptotic symmetries on Killing horizons. The explicit forms 
of asymptotic Killing vectors and related results in this paper are presented only in the case of the future 



cosmological horizon in the de Sitter spacetime. This is because we will discuss the structure of the group of 
the asymptotic symmetries by comparing with the isometry group in the maximally symmetric spacetime, 
as the B.M.S. group is compared with the Poincare group. However, as we will describe, all the analyses in 
this paper, except for the comparison with the de Sitter group, are readily applicable to black hole horizons. 

We analyze in Section p^ how the asymptotic symmetries on Killing horizons are related to local properties 
of Killing horizons. We first introduce the notion of asymptotic Killing horizons, which shear local properties 
with exact Killing horizons, and then analyze behavior of asymptotic Killing horizons under transformations 
generated by the asymptotic symmetry group. While it will be trivial that any covariant properties are 
preserved under diffeomorphisms, we investigate whether asymptotic Killing horizons remain unaffected also 
under non-trivial transformations associated with the asymptotic symmetries. 

In Section Q, we analyze the Poisson bracket algebra of the conserved charges conjugate to asymptotic 
Killing vectors, by using the covariant phase space formalism developed by Wald and his collaborators |lq, [l9|] . 
Unfortunately, however, it will turn out that the Poisson bracket algebra does not acquire non-trivial central 



charges. It implies that the Poisson bracket algebra cannot contain the Virasoro algebra Eq.(l^) with non- 
trivial central charges, and hence the entropy of a generic black hole cannot be derived from the asymptotic 
symmetries on Killing horizons by the same method as that of the B.T.Z. black hole. Since it is suspected that 
we may obtain a central charge if we consider a larger symmetry group, we then analyze extended symmetries 
and discuss whether and how we can obtain the Virasoro algebra with non-trivial central charges. 

Finally, we summarize this paper and discuss related issues in Section ||. The appendices are devoted to 
the derivation of asymptotic Killing vectors and the calculation of a central charge, as well as a list of the 
Killing vectors in the de Sitter spacetime. In what follows, we use the units c = G = 1. 

2 Asymptotic symmetries on Killing horizons 
2.1 Local geometry near Killing horizons 

Here, we briefly review local geometric features near Killing horizons in static and spherically symmetric 4-d 
spacetimes with the metric ^g)j,v, which are referred to as the background spacetimes in what follows. We 
will work in a regular coordinate system to analyze asymptotic symmetries on Killing horizons in a regular 
manner. 

It is well-known that the metric of the Schwarzschild spacetime in the Kruskal coordinate system is given 

by 

2M r r 1 
ds'^ = °g^^ dx^" dx" = exp -— — du dv + r^ dfl'^ , (2.1) 
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where M denotes the mass of the black hole, the Kruskal coordinates are defined by 
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(2.2) 



and the null coordinates U = t — r* and V = t + r* are defined in terms of the Killing time coordinate t and 
the tortoise coordinate r* . Then, the future and past black hole event horizons are located at u = and 
V = Q, respectively. 

Similarly, the metric of the de Sitter spacetime is written as 

ds^ = V^ dx^ dx" = ^ dudv -t- e."^ ^ V dn"^ , (2.3) 

"^ [uv-Pf {uv-Pf 



by introducing the Kruskal coordinates 

u = £ exp 



exp 



V 

T 



(2.4) 



where U = t — r* and V = t + r* are defined in the same way as above, and £ is related to the cosmological 
constant by £'^ = 3/A. The future and past cosmological event horizons locate at i; = and u = 0, 
respectively. 



Near the future cosmological horizon (w = 0) , the metric of the de Sitter spacetime Eq. ( |2.3[ ) is written as 
juv = -2 + 0{v) , gee = r^ + 0{v) , g^^j, = r^ sin^0 + 0{v) , 5^1/ = C'(w) for other components , (2.5) 



where r^ = ^ is the radius of the cosmological horizon. The Schwarzschild metric Eq.(2.1) near the future 



black hole horizon (u — 0) is also recast into the form of Eq.(2^) with r^ = 2M, by interchanging the 
roles of u and v, and rescaling those coordinates appropriately. The asymptotic form of the metric near the 
Killing horizon in the static and spherically symmetric background spacetime will be generically given by 
Eq.(pT^), while we have not proved it explicitly (see Ref. [p7[ for the related issue). 

On the Killing horizon in the background spacetime "^^^iiy, the timclike Killing vector ^fj^) becomes null 
and is normal (and so tangent) to the horizon. Thus, ^^,^^ satisfies 



yp.i' ?((!) S(fe) 



0, 

Oiv) 



(2.6) 

(2.7) 



In addition, it follows that ^[J^, is hypersurface orthogonaln and tangent to the null geodesies (parametrized 
by non-affine parameters) that generate the horizon. 



S,(h) ^ S,(h) " J 



tu Oy ffi 



'*0 ?(h) 



0{v), 



(2.8) 
(2.9) 



where ^V^^ denotes the covariant derivative associated with the background metric ^g^,y. The temperature 
of the horizon is then given as T = kq / 27r by the surface gravity kq. 

It is important for a later discussion to recall that the absolute value of the surface gravity depends on 



the normalization of the Killing vector ^[J^,, which we can see from Eq.( p.9[ ). In the usual circumstances, the 
normalization of ^[J^, is determined at a far region away from the horizon. It is normalized at the center in 
the case of the de Sitter spacetime, and at infinity in the case of the Schwarzschild spacetime. Then, in the 
de Sitter spacetime, ^fj,, is given by 



^M d d 

ov ou 



(2.10) 



with kq — l/^i while u and v are interchanged and kq = 1/4M in the case of the Schwarzschild spacetime. 
There are another Killing vectors ^[^) in spherically symmetric spacetimes, which generate rigid 0(3) 
rotations of a two-sphere. The Lie brackets of those Killing vectors are given by 



|.C(>),Co)J — A(i)?(j) 



[^(h)i^(i)J — •^C(fe)MO ~ ^ 






(2.11) 
(2.12) 



where Cjiji^J*' is the structure constant of the 0(3) group. 

^ In general, the hypersurface orthogonaUty holds only on the horizon. However, in the case of static and spherically 
symmetric spacetimes, it is globally valid. 



In what follows, we will present explicit results only in the case of the future cosmological horizon in the 
de Sitter spacetime, which is located at ii = 0. However, it will be clear that the analyses in this section, 
except for the last subsection, and those in the next section can be readily applied to arbitrary Killing 
horizons with the non- vanishing surface gravity in static and spherically symmetric spacetimes. 

2.2 Asymptotic Killing vectors 

Now we analyze asymptotic symmetries on Killing horizons and the group associated with those symmetries. 
Since Killing horizons are null hypersurfaces, it is expected that the group of asymptotic symmetries on 
Killing horizons will shear some features with the B.M.S. groupH, which is the subgroup of diffeomorphisms 
that preserve the asymptotic form of the metric at the null infinity in an asymptotically flat spacetime. 
Then, we will refer to the features of the B.M.S. group in order to define and analyze asymptotic symmetries 
on Killing horizons. 

In deriving the B.M.S. group, we consider metric perturbations on the flat background spacetime, which 
fall off sufficiently at the null infinity. Similarly, here we perturb the metric '^g/iu of the background spacetime, 
so that the perturbed metrics g^^ obey the boundary condition that they coincide with "g^jy on the Killing 
horizon at u = in the background spacetime. However, in analyses of asymptotic symmetries, we need 
not consider the whole of the horizon. Instead, we are concerned only with a local region of the Killing 
horizon spanned by a horizon two-sphere (an intersection of the horizon with a Cauchy surface) during a 
small interval of a null afhne parameter on the horizon. Then, by assuming suitable differentiability|j with 
respect to regular coordinates in the local region on the horizon, the perturbed metrics g^^ will be written 
near the horizon as 

9^. = V + vg'^,iu,e, (f) + 0{v^) = V + 0{v) , (2.13) 

where the perturbations of the metric g'^^{u, 9, 4>) depend arbitrarily on u, 9 and (/). 

If we focus only on the horizon, the metrics with the form of Eq.( ^.I3| ) cannot be distinguished from 
each other. Then, it will be natural to define an equivalence class, where all the metrics subject to the 



boundary condition Eq.(2.I3) are regarded as equivalent. We also consider the coordinate transformations 
which transform any metric in the equivalence class into another (possibly the same) one in the equivalence 
class. Thus, we obtain the symmetries between the metrics in the equivalence class and the subgroup of 
diffeomorphisms, which define the asymptotic symmetries on Killing horizons and the asymptotic symmetry 
group, respectively, in a similar manner to the B.M.S. group. 

The infinitesimal transformations of the asymptotic symmetry group are then generated by the infinites- 
imal coordinate transformations x'^ —^ x^ — C'', where the metric g^^i, is transformed by the Lie derivatives 
along C, as 

ffM!^ — ' Vf^i' = 5m<> + ^C9p.i^ , (2-14) 

with (jf^jy and g satisfying the boundary condition near the horizon, i.e., g = g^j^ -I- 0{v) = '^g^i, + 0{v). 
Therefore, those transformations are described by asymptotic Killing vectors C,^ , which satisfy the asymptotic 
Killing equation 

Cc <?^. = 0{v) , (2.15) 



for arbitrary forms of the perturbed metric g^^ subject to the boundary condition Eq.(2.I2) 



^ It is sufficient to assume that the perturbed metrics g^i, are C^ tensors in this subsection, and C^ tensors in the next 
subsection, where we will consider reduced asymptotic symmetries. In order to derive asymptotic Killing vectors, however, we 
can assume that g^^ are analytic without loss of generality, because higher order terms in v do not make any contribution. 



By "writing the form of asymptotic Killing vectors C^ near the horizon as 

c = cro,Ke,0) +Kri,(w,^,0) +o(t'') , (2.16) 

and requiring that the asymptotic Killing equation Eq.( ^.lq ) is satisfied by arbitrary forms of g' , we obtain 
a set of equations for the components of C^. The explicit forms of those equations are shown in Appendix 
H. A remarkable feature is that the subset of the equations which govern (f^^ and (f„-^ decouples from the 
rest and gives exactly the Killing equation on a two-sphere, while the other equations determine the forins 
of C"), Cu), Cfi) and C(i) in terms of the undetermined function Q^y When we set as 



u;{u,e,cj,) = KouQ,{u,0,cj,), (2.17) 

the general form of asymptotic Killing vectors C^ is given, by using the Killing vectors £^^^^ and ^[^), as 

e = ^{u, e, 0) eft, + a<" Cf:, + V X^{u:) +v^Y^^ + 0{v^) , (2.18) 

where we defined X^^{ijj) as 

A:'^(w) = 2kouV''w(m,6I,0) , (2.19) 



without loss of generality. Whereas other forms of X^{lo) different from Eq.( 2.1£ ) by terms of 0{v) are 
possible, such difference can be absorbed into the term of 0{v'^). The coefficients a**' are arbitrary constants, 
where summation over the index (i) of the 0(3) group is understood, and y^ is not determined by the 
asymptotic Killing equation. 

The first term in Eq.(2.18) generates position-dependent translations in the null direction on the horizon, 
which are described by the arbitrary function lo[u^O^(J)) and referred to as supertranslations. Those are 
similar to supertranslations in the B.M.S. group, but the latter depend only on the angular coordinates. It is 
a distinguishing feature that supertranslations of the asymptotic symmetries on Killing horizons can depend 
also on the null coordinate u in arbitrary manners, and it results in interesting consequences, as we will 
see later. The second term represents rigid 0(3) rotations of a horizon two-sphere. Thus, we find that the 
asymptotic symmetry group consists of 0(3) rotations of a horizon two-sphere and supertranslations along 
the null direction on the horizon. Then, in terms of lu{u, 9, </>), the asymptotic Killing equation is described 
as 

4" V^^w + X'^^iu) y^K = 0{v) . (2.20) 



We notice that since the hypersurface u = is null even in the perturbed spacetimes, normal vectors to 

1 



that hypersurface are also null and proportional to ^f),). In fact, V^u is written as 



The inner products of the Kilhng vectors with V^t;, as well as those with V^w, are then given by 



^^,,y^.v^-Kov^Oiv), C.^V^v^O (2.22) 

^i^n,^^u= Kou, ewV^u = 0, (2.23) 



and hence, particularly. 



C V^i; = 0{v) . (2.24) 

Therefore, asymptotic Killing vectors C'^ are always tangent to the null hypersurface v = even in the 
perturbed spacetimes, and thus they never push or pull that hypersurface. 



The Lie bracket between two asymptotic Killing vectors, 

cf = ^1 er.) + a';' ^('1, + V x^'iuji) + oiv^) , c^ = UJ2 e;;., + 4" e(^) + « ^^(^2) + o(«') , (2.25) 

is calculated, by using Eqs.( 2.19| )-( ^.23 ) as well as Eqs.( 2.11 ) and ( 2.12 ), as 



[Ci, C2]'' = /:c,C2'' = ^12 e[;., + a';i C + V X^(c.i2) + 0{v^) , (2.26) 

where LJ12 = Ci'^1'^2 ^ C2 '^'^ ^1 ^-i^d 0^3 = '^i'' ^2*°' QjXfe)''- We see that [Ci,C2] has the form of an 
asymptotic Killing vector. It explicitly shows that the transformations generated by the Lie derivatives 
along asymptotic Killing vectors C^ close, and they indeed form the Lie bracket algebra of the asymptotic 
symmetry group, as they should. 

We also note here that the Lie bracket algebra of the asymptotic symmetry group contains the Diff{S^) 
subalgebra, which is necessary, but not sufficient, in order to derive the Bekenstein-Hawking formula by the 



same method as that of the B.T.Z. black hole. It is easy to see from Eg. ( 2.26 ) that the supertranslations 
dependent only on the null coordinate, i.e., the asymptotic Killing vectors with uj = lu{u) and a**' = 0, form 
a subalgebra, and commute with the isometrics of 0(3) rotations. In order to analyze this subalgebra, we 
decompose lu{u) into the Fourier modes associated with the translational invariance along the null direction 
on the Killing horizon in the background spacetime. Then, we write as 

oj{u) — dk — expfi k kqU] = dk — {kq uY , (2.27) 

J kq J Ho 

where we introduced the infinitesimal dimensionless coefficients vjk- The Fourier modes are defined with 
respect to the null coordinate C/, not the Kruskal coordinate u, because the Killing vector ^[J^j is written on 
the horizon {v = 0) as 



If we define C,'^ as 



C,^^{n,ufi>;,,, (2.29) 



for each Fourier mode, the Lie bracket algebra of ^^ is given by 






[CkXk'Y^i{k'~k)C'^^^,. (2.30) 

Since we are focusing on the local (finite) region on the horizon with translational invariance, it will be 
natural to impose a periodic boundary condition on uj{u) along the null direction. In this case, k will take 



discrete values, and then Eg. ( 2. 30 ) is isomorphic to the Diff{S^) algebra, where we appropriately rescale 
C^, if necessary. Therefore, the asymptotic symmetry group on Killing horizons is reduced to the Diff(S^) 
subgroup in a natural manner, by suppressing the dependence of supertranslations on the angular coordinates 
of the spherically symmetric Killing horizon. 

2.3 Reduction of the asymptotic symmetry group 

As we derived above, the asymptotic symmetry group on Killing horizons contains supertranslations, sim- 
ilarly to the B.M.S. group. It is known that the B.M.S. group reduces to the Poincare group, which does 
not contain supertranslations, when we impose the boundary condition stronger than that imposed to derive 
the B.M.S. group. Here, we consider reduction of the asymptotic symmetry group on Killing horizons in the 
same manner. It will be helpful in understanding the structure of the asymptotic symmetry group. 



We thus derive reduced asymptotic symmetries in a similar way to the previous subsection, but with a 
stringent boundary condition on the asymptotic form of the metric. Perturbations of the metric are now 
required to be ©(f^), as 

5m- = V + \ v'glM e. ^) + 0[v^) , (2.31) 

and remain 0{v'^) when the metric is transformed by the Lie derivatives along reduced asymptotic Killing 
vectors rj^ , as g^y -^ g^i, + Lr^g^v Hence, we demand that the asymptotic Killing equation of second order 

C^g^, = 0{v^) , (2.32) 

holds for arbitrary perturbations of the metric g''. 

However, the term of 0{v) in g^^ affects the forms of reduced asymptotic Killing vectors ry'', and then r;'^ 
are not determined unless the background metric ^g^v is specified. Here, we specifically consider the de Sitter 
spacetime, which is maximally symmetric and possesses a Killing horizon. This is because here we attempt 
to compare the asymptotic symmetry group on the Killing horizon with the isomctry group in the maximally 
symmetric spacetime in order to understand the structure of the asymptotic symmetry group. Thus, in this 
subsection, we focus on the asymptotic symmetry group and its reduction on the future cosmological horizon 
in the de Sitter spacetime, and compare the reduced asymptotic symmetry group with the de Sitter group. 

We solve Eq. ( 2.32D , by writing the form of reduced asymptotic Killing vectors as 



77^=<)(«,0,0)+«ry;i,(zi,0,<^)+i;2^['„(«,0,0) + O(i;3), (2.33) 



and substituting Eqs.(2.c) and ( 2.33D into Eq.(2.32) (see Appendix Eh. Then, we find that the solutions of 
7y^ are given by linear combinations of the five vectors, which are written as 

(2.34) 
v') , (2.35) 

cos0e±'*|- 

(2.36) 
(2.37) 
(2.38) 

UifJ 

We see that supertranslations are not allowed as reduced asymptotic symmetries, as expected. In addition, 
we also notice, by comparing with the exact Killing vectors in the de Sitter spacetime (those are listed in 
Appendix O, that reduced asymptotic Killing vectors are given only by the asymptotic forms of the Killing 
vectors that are tangent to the future cosmological horizon. 

It will be worth while mentioning here the remarkable difference between the structure of the B.M.S. 
group and that of the asymptotic symmetry group on the cosmological horizon in the de Sitter spacetime. It 
is known that all the exact Killing vectors in the Minkowski spacetime have the form of asymptotic Killing 
vectors of the B.M.S. group[^. In other words, the B.M.S. group contains the Poincare group. However, in 
the case of the asymptotic symmetry group on the cosmological horizon, some Killing vectors in the de Sitter 
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spacetime do not belong to asymptotic KiUing vectors. In fact, we see that ^[^j and C[l±), given by Eqs.( |C.2[ ) 



and ( p.4| ) in Appendix O, are not tangent to the horizon and do not have the form of asymptotic KiUing 
vectors. Correspondingly, those vectors do not belong to reduced asymptotic Killing vectors either. Thus, we 
find that the asymptotic symmetry group does not contain the de Sitter group. The full isometrics of the de 
Sitter group will not be recovered unless we specify the complete form of the metric, not only its asymptotic 
form on the horizon. This difference between the asymptotic symmetry group on the cosmological horizon 
and the B.M.S. group will be a consequence of the fact that the cosmological horizon is located at a finite 
affine distance from the center of the de Sitter spacetime, whereas the null infinity is infinitely far from any 
point in the spacetime. On the other hand, we also note that supertranslations belong to the asymptotic 
symmetry group, but do not to the de Sitter group or the reduced asymptotic symmetry group, similarly to 
those in the B.M.S. group. 

3 Asymptotic Killing horizons 

The asymptotic symmetry group we have derived in the previous section leaves invariant the form of the 
metric on the Killing horizon in the background spacetime. However, it may not necessarily indicate that 
local structures of the horizon are also unaffected. In this section, we analyze how transformations generated 
by the asymptotic symmetry group affect local properties that characterize the structures of Killing horizons. 

3.1 Local properties of Killing horizons 

We first specify local properties of Killing horizons. On the Killing horizon in the background spacetime 
°g^i,, the timelike Killing vector ^[J,, satisfies the properties Eq.(p^)-(^.9D. Among them, the KiUing equation 



Eq.(2.(:) and the hypersurface orthogonality Eq.(p.q) hold globally in the spacetime. However, if we focus 
only on the horizon, we need not take care that those properties are satisfied in far regions away from the 
horizon. We only have to ensure that the asymptotic forms of those properties are satisfied on the horizon. 
In addition, from the standpoint in the previous section, where all the metrics subject to the boundary 
condition Eq.( ^.13| ) are regarded as equivalent, it is natural to treat the perturbed metrics (?^,y on an equal 
footing with the background metric ^g^ij^. We are thus led to an extended notion as follows. 

Under the presence of the exact Killing horizon {v = 0) generated by the Killing vector ^[J^, in the 
background spacetime '^g^^, , we define an asymptotic Killing horizon as the region of the hypersurface v = 
in a perturbed spacetime g^^, over which the same vector ^[^^ as the Killing vector in the background 
spacetime satisfies 

-C^f.^SM^ = Oiv) , (3.1) 

5m^ er.) C = <^i^) ' (3-2) 

dl^jV^d, = 0{v) , (3.3) 

^:,,y.^^,,^^a,+0{v). (3.4) 

Then, an asymptotic Killing horizon has the same local properties as those of the exact Killing horizon, and 
hence it locally looks like a part of a Killing horizon when we focus only on the horizon. We see from the 



boundary condition Eq.(2.13) that an asymptotic Killing horizon is indeed a null hypersurface. In addition, 
Eqs.(3.1) and (3.2) imply that £^^^^ is null and plays the role of a Killing vector only on an asymptotic Killing 
horizon, which we will call the horizon generating vector in what follows. Hence, a photon traveling on an 
asymptotic Killing horizon will feel like trapped at "places of the same geometry" , in a similar sense to that 
a photon moving along the exact Killing horizon stays at r = r^. We define the surface gravity k of an 



asymptotic Killing horizon by Eq.(3.4), similarly to the case of the exact Killing horizon, while Eq.(3.3) 



together with Eq.(3.1), serves to ensure compatibility of Eq.(3.4) with other possible definitions of the surface 
gravity^. 

We emphasize here that the surface gravity of an asymptotic Killing horizon does not necessarily have 
the physical meaning as the temperature of the horizon. This is because we have specified only the local 
geometry near an asymptotic Killing horizon in a perturbed spacetime, and hence it is not clear how the 
surface gravity of the asymptotic Killing horizon is related to thermal radiation outside the horizon. On the 
contrary, in the original derivation of Hawking radiation[^, it is shown that an observer at infinity receives 
thermal radiation with the temperature proportional to the surface gravity. This fact can be interpreted as 
indicating that we need to know the global behavior of the spacetime in order to define the temperature of a 
black holcQ Then, in this paper, we take the point of view that the surface gravity of an asymptotic Killing 
horizon is not directly related to the temperature. Accordingly, we do not require that the surface gravity of 
an asymptotic Killing horizon is constant over the horizon. It does not necessarily violate the zero-th law of 
black hole thermodynamics, because it states that the surface gravity of the exact Killing horizon, not that 
of an asymptotic Killing horizon, is constant. 

3.2 Transformations 



Here, we analyze how the four properties of asymptotic Killing horizons Eqs.(3.1)-( p.4| ) are affected under 
transformations generated by the asymptotic symmetry group. 

In the previous section, the asymptotic symmetry group has been derived as a subgroup of diffeomor- 
phisms. When we consider infinitesimal diffeomorphisms, the metric g^xy and the horizon generating vector 
^[t) undergo the simultaneous transformations generated by the Lie derivatives along asymptotic Killing 
vectors C, as 

9iiu — » diiu = giiu + C,c9iA.u , (3.5) 

Cr.) ^ C.) = C.) + ^cCm • (3-6) 

Since any covariant expressions are transformed by the Lie derivatives under infinitesimal diffeomorphisms 



and we have Eq.(2.24), we see, by taking the Lie derivatives, that the four properties of asymptotic Killing 



horizons are transformed as 

C^^.^g^, = Oiv) -^ C^^J^,^0{v), (3.7) 

<?M- Cf;., Cr.) = 0(«) -^ 5;.. Cm C, = 0(«) : (3-8) 

it^''^.,=0{v) ^ ^,^,V^^i, ^ 0{v) , (3.9) 

cv.cr.) = «:er.,+0(«) -^ ^,,vA':.,^2i>f,,+o{v), (3.10) 

where V ^ is the covariant derivative associated with Tj^i, and the transformed surface gravity k is given by 

K = K + Cc^K . (3-11) 

^In the case of the exact Killing horizon, the definitions V„ (g" ^g(h)a) = —i^^{h)ii and re^ = — (V^^J^,) (VQ$(fe>fl)/2 giv e 
the same valu e nf the si irfa.f e gravity as that defined by Eq.(2.9). Those definitions of the surface gravity result from Eq.(2.9), 



by using Eqs.( |2.6| ) and (2.8). 

* In the Euclidean approach to black hole thermodynamics |2l| , the temperature of a black hole is derived by imposing regular 
periodicity near the horizon in the Euclidean section. HoweverTalso in this case, we will need to specify the global behavior of the 
Euclidean section, so that the system is in thermal equilibrium, i.e., the Hartle— Hawking state. In fact, the energy-momentum 
tensor is singular on the horizon, when we consider a quantum field out of equilibrium in a static spacetime [03]. 



We note here that the surface gravity n changes under difFeomorphisms, unless n is constant, as in the 
background spacetime. Although changes of the surface gravity result in reparametrizations of null geodesies, 



those do not alter the local structures of asymptotic Killing horizons defined by Eqs.(3.1)-(3.4), except for 



the proportional factor k in Eq.(3.4). Thus, here we allow for changes of the surface gravity, and Eq.(3.4) 



is interpreted as stating that ^^^jVi/^fJ,) is proportional to S,^^)- Then, the four properties of asymptotic 
Killing horizons are invariant under diffeomorphisms, as they should. However, diffeomorphisms are trivial 
transformations. We look at the same horizon in the same spacetime. Now we explore the possibility that 
the local properties of asymptotic Killing horizons are preserved under non-trivial transformations. 

Even if we transform the metric by the Lie derivative, it does not necessarily mean that the transformation 
under consideration is a diffeomorphism. The metric g^^ (a dynamical field variable) and the horizon 
generating vector ^[^^ (a non-dynamical variable independent of the metric) can be separately transformed, 
in general. This will be illustrated clearly, when we consider the transformation described by 






S(/i) — S(h) ■ 



(3.12) 
(3.13) 



Here, the metric is transformed by the Lie derivative, but the horizon generating vector ^fj^, is held fixed. 
We call this transformation a dynamical field transformation. 



When we notice that ^fj,, belongs to asymptotic Killing vectors, we immediately see that Eq.(pT|) is 



invariant under dynamical field transformations. Since g„j, has the asymptotic form of Eq.(2.13|), and 



hence <^[^) is null at w = 0, it is also clear that Eq.( |3.2[ ) remains satisfied. In addition, by writing as 
^t^^ih) — ^t^i{h) + Ca>)'^rp^, where V^ is the covariant derivative associated with 5^^^ and 



^^Pt, = 2^'' (V^^cffAp + ^P^C9\t^ - ^x^Cdpp) , 



(3.14) 



we can prove that Eqs.(3^) and ( p.4| ) are preserved, while the surface gravity changes as k —> k = k + Sk, 
with Sk given as 



6k = 



4 kqu 



s(h) S(fe) QXp 



Then, we have 








A(.,ffM-='^(^) - 


-^ ^iw9pu^O[v) , 




gp. cr.) c, = ^(«) - 


- 9pu cr.) c, = o{v) 




elr.v'-eri, = oiv) - 


- efc v'^eri, - o{v) , 



S(h) Vl' S(h) — ^ 4(fi) 



0{v) 



^<mV.^;;., =75er„+0(z;), 



(3.15) 

(3.16) 

(3.17) 
(3.18) 
(3.19) 



and we see that the four properties of asymptotic Killing horizons are preserved under dynamical field 
transformations. In particular, the Killing horizon in the background spacetime is always an asymptotic 
Killing horizon in the perturbed spacetime g^^ — ^g pv -'r ^c,9 t^t^ ■• over which the surface gravity is not constant 



in general, as we see from Eq.(3.15). 

Although a dynamical field transformation changes the metric into another one, we can pull it back by a 
diffeomorphism to the original one, since the metric is transformed by the Lie derivative under a dynamical 
field transformation. When we apply a dynamical field transformation followed by such a diffeomorphism, 
we obtain the same metric as the original one, but the horizon generating vector f[^) is now transformed. 
Thus, it will be appropriate to call this transformation a horizon deformation. Under a horizon deformation. 



the metric g^^ is fixed and the horizon generating vector ^[|,) is transformed by the Lie derivative along ^'^, 






where £f^[l) is calculated, by using Eq.(2.2(:), as 



/:cC(M^'5er., = -"(":' 



9tJ,v 9tJ,v I 



~^^,, + vX^i-n) + oiv^) 



and il(u, 0, (/)) is defined by 



n{u,9,^)=^-^,,V,io{u,t 



(3.20) 
(3.21) 



(3.22) 



(3.23) 



We immediately notice that fl(u, 9, 0) vanishes, when a;(M, 9, (p) does not depend on the null coordinate u. 
Hence, the supertranslations that depend on the null coordinate play the essential role in horizon deforma- 
tions. 

Invariance of the properties of asymptotic Killing horizons under dynamical field transformations indicates 
that they are also preserved under horizon deformations, because those two types of transformations are 



equivalent to each other up to diffeomorphisms. Indeed, as we see from Eq.( 3.22 ), ^f),, belongs to asymptotic 



Killing vectors and is null at t; = 0. Hence, it is easy to show that Eqs.( |3.l| ) and (3.2) are preserved. In 
addition, by using Eqs.(2.21), (3.3) and (3.22), we also obtain Cw^'^^rM — ^(^)- Similarly, we find that 



Sy^'.'^v S,{h) is proportional to ^[J,) at u = 0, by calculating to first order of infinitesimal transformations as 



S(h) ^ I' S(fi 



(ft) — 



iK^-C^^^VyU 



When we write the proportional factor k as k = k + 5k, we have 



A" _ 7? CM _ 



S(h)^i/ C(h) — K. t,^h 



K — kQ + Sk 



^[:.) + o{v) 



cr.) + oiv) 



and thus Sk is given by 



Sk — —K f2 — ^J^^) V,y Q . 
The four properties of asymptotic Killing horizons are then transformed as 



9,. ^r.) Cm = ^(^') 

C)V.er., = «C(^M+(^w 



9^. cTm ?r.) = c)(«) 

: 0(v) , 



71m xi^ i^P^ 



C)V.4rM=^cr.,+c^w> 



(3.24) 

(3.25) 

(3.26) 

(3.27) 
(3.28) 
(3.29) 
(3.30) 



and hence those properties are preserved also under horizon deformations. It implies that the asymptotic 
symmetry group generates deformations of an asymptotic Killing horizon, under which the horizon keeps its 
local structures. 

We point out here that arbitrary covariant equations which depend only on dynamical field variables 
(the metric in the present case), but not on non-dynamical variables (the horizon generating vector 4[^), 
for example), are left invariant under both dynamical field transformations and horizon deformations. In 
particular, the Einstein equation holds in the spacetimes after transformations, if it is satisfied before the 
transformations. 



3.3 Surface gravity 

In order to clarify another aspects of asymptotic Killing horizons, here we analyze the behavior of the surface 
gravity under the above transformations. 



We first mention the relation between the changes of the surface gravity 6k and Sk, given by Eg. ( 3. 15 ) 
and Eq. ( |3.2(]| ) , respectively. Since the dynamical field transformation and the horizon deformation generated 
by the same asymptotic Killing vector C^ compose the corresponding diffeomorphism, wc find that Sk and 
6k are related as 6k + 6k = Cqk. Thus, when the surface gravity is constant, as it is in the background 
spacetime, we have 6k + 6k — 0. The dynamical field transformation and the horizon deformation give the 
same magnitude of the change of the surface gravity with the opposite sign. Then, in order to analyze the 
behavior of the surface gravity, it is convenient to take advantage of horizon deformations, where we can 
work with the fixed metric in the background spacetime, while the horizon generating vector and the surface 
gravity are transformed by Eq.(3.22) and Eq.(3.2(^), respectively. 



If we consider the case where Q. defined by Eq.( |3.23| ) is constant, both the horizon generating vector and 
the surface gravity are multiplied hy 1 — Vt under the horizon deformation. We recall here that, in the case 
of the exact Killing horizon, the normalization of the Killing vector ^[^) is usually fixed by the condition 
imposed far from the horizon. However, since we are focusing only on the horizon, there will be no reason 
to persist in such normalization. When we change the normalization of S,^h)^ the value of the surface gravity 
also changes by the same factors. We see that the horizon deformations with il := const, correspond to 
those trivial transformations, which are possible even in the case of the exact Killing horizon. In other 
words, by the re-normahzation of the horizon generating vector ^[^^ ^ (1 — fi)^^ ^[^j, the surface gravity is 
brought back to the original value k. In fact, the horizon deformations with ^[J^j V^fJ = are also the trivial 
transformations, as in the f2 = const, case. 

Unusual behavior of the surface gravity, particular to asymptotic Killing horizons, occurs when we con- 
sider the supertranslations which non-trivially depend on the null coordinate, i.e., ^fl^) V^fi ^ 0. To see this 
explicitly, we again analyze the supertranslations dependent only on the null coordinate, which are described 



by ijj(u). By decomposing uj{u) into the Fourier modes, as Eq.(2.27), fJ for each mode is given as 



Jlfc(M) = i fctufc (ko ")' , (3.31) 

where we restored the infinitesimal coefficients Wk. Then, the surface gravity k is transformed as 

K — >K=[l-{l+ik)nk{u)\K, (3.32) 

while the horizon generating vector ^[^^ changes as 

cr.) ^cr.) = [1-^^/0 (w)]crM> (3-33) 

on the horizon. 



As we see from Eqs.( p.32| ) and ( 3.35 ), k and ^fj,) now oscillate along the null direction on the horizon, and 
we cannot re-normalize those variables into constant values over the horizon as in the previous argument, 
which already exhibits unusual behavior of asymptotic Killing horizons. Instead, it is sufficient, for the 
present purpose, to analyze the values of those variables on an arbitrary fixed horizon two-sphere, which is 



specified hy u — u^^ — const.. When we adjust vj^ in Eq.(3.31) so that $1^, is real on the horizon two-sphere 
M = uq, the horizon generating vector ^[J^, also remains real on u = uq. However, k is complex even on that 
horizon two-sphere. Correspondingly, when we re-normalize ^[J,, by the factor [1 — r2fc(uo)] , it coincides 



with its original value ^[^) on the horizon two-sphere u ~ uq, but the surface gravity on u ~ uq changes as 

K — > [l-ikQkiuo)] K ■ (3.34) 

Thus, the surface gravity cannot be brought back to the original value, due to the presence of the anomalous 
factor —ikQk, even when the horizon generating vector is re- normalized to the original value and the metric 
is fixed. This behavior of the surface gravity is clearly contrasted with the case of ^f^, V^fJ = 0. We see that 
the supertranslations that depend non-trivially on the null coordinate result in the distinguishable feature 
of asymptotic Killing horizons from exact Killing horizons, while the local properties of asymptotic Killing 
horizons are preserved under those transformations. 

In fact, it is possible to re-normalize the horizon generating vector as ^[^^ -^ [1 — {I + i k) flkiuo)]" ^[^,, 
so that the surface gravity is re- normalized into its original value k on u = uq. However, ^fj^^ is now a 
complex- valued vector on u = uq. Since the horizon generating vector before the transformation gives the 
directional derivative along the Killing time, we may speculate that the horizon deformations of ^[J^, V^fJ =/= 
together with this re-normalization will describe analytic continuation of the Killing time into a complex 
plane. From this point of view, it will be interesting to explore in future investigations the possibility that 
the asymptotic symmetries are related to the Euclidean approach to black hole thermodynamic^. 

4 Poisson bracket algebra 

In this section, we analyze the Poisson bracket algebra of conserved charges, by employing the covariant 
phase space formalism developed by Wald and his collaborators flq, 0|. After we summarize the definition 
of conserved charges, we consider the Poisson bracket algebra associated with the asymptotic symmetries 
on Killing horizons. Because we need to specify an explicit form of a Lagrangian in order to calculate the 
Poisson bracket algebra, now we focus on the Einstein theory with or without the cosmological constant. 
We also consider extension of the asymptotic symmetries and discuss whether and how the Poisson bracket 
algebra acquires a central charge. 

4.1 Conserved charges in the covariant phase space 

The covariant phase space is defined as the space of solutions to field equations with boundary conditions 
imposed. Then, conserved charges, such as a Hamiltonian and angular momenta, are defined through 
variations of a Lagrangian density. For the Lagrangian L^ijj), where ■0° denotes the dynamical field variables 
collectively, variations of the Lagrangian density are expressed as 

'S (e^^p^ £(V')) = Ef^^p^ Ea H" + e^,^p„ Vp Q/^i^rM) , (4.1) 

when the dynamical field variables are varied as ^"^ ^ ip°- + Sip'^, where Ea — are the field equations and 
Q^{'4>] S^) in the totally divergent term depends linearly on Sip"". 

Since variations S are arbitrary, we can consider that those are generated by the Lie derivatives along 
arbitrary vectors g^, as S^p"" = Cgip"'. Then, by defining the vector J^{'ilj;g) as J^{ip;g) = Q^{ip;£g4') — 
g^ L{'ip), we see that V0j^{ip;g) = if the field equations Ea = are satisfied. We can also find the 
antisymmetric tensor Q^°'{ip;g), such that its divergence gives J'^{'ip;g) as J^i^ip-jg) = VaQ^'^i'ip', g) when 
the field equations hold. 

^ The Euclidean approach to black hole thermodynamics played a crucial role to choose a specific form of the symmetry 
vectors in Rof.||l], [|. 



Furthermore, we define the symplectic current density LUfj_^p{'>p]S 1^^,62^) as 

for arbitrary variations Si and 62- Then, we find that it is conserved, 

d\ujpi,p{i;;Sitp,'S2ip) = , 



(4.2) 



(4.3) 



if the linearized field equations SiEa = and (52 £-0 = are satisfied, where d\ denotes the exterior derivative. 
Particularly, by setting as (5i'0° = 'Cg'0°, the conserved charges 7i.[ip; g] conjugate to arbitrary vectors g'^ on 
a partial Cauchy surface C are defined by 



SH[^p,g]= uip^p{'ip;Cgilj,Sip) 



(4.4) 



We emphasize here that the variations denoted by 6 act only on the dynamical field variables ip"", but not 
on the non-dynamical variable g^, and that the derivations of the key relations below, such as Eqs.(4.5) and 
(4.7), are based on this fact. 

We can show that when the linearized field equations are satisfied, a;pyp('0; Cg^, Sip) is written as 



ujp^p{il;;Cgip,Sil;) 



S{^ £/3a.p Q^"{^; g)) + e/3a.p g" e"(^; S^P) 



(4.5) 



in the covariant phase space, and hence the conserved charges are expressed in the form of an integral over 
the boundary dC of C, as 

1 



67i['ip;g]~d 



„ £po.^.. ^^"(V'; e) + / ef3o,p, g^ 6" (7^; <5V) ■ 

dC ^ JdC 



(4.6) 



As we can see from Eq.(16), however, S7t[tp; g] is not defined as a total variation, and then integrability of 
Eq.( [4.q ) is not guaranteed generally. It is necessary that two arbitrary variations tangent to the covariant 
phase space, <5i and S2, should commute when they act on 7i[ip; g], i.e., {S1S2 — S2Si)7i[ip; g] = 0, in order 
that Eq.(|4.6|) is integrable and the well-defined conserved charges 'H['>jj; g] exist. Indeed, Wald and ZoupasQ 
showed that it is the necessary and sufficient condition for the existence of 7Y[^; p], which is rewritten as 



dc 



g^ <^(ipvk^\ (5iV', ^ii>) = 



(4.7) 



If the well-defined conserved charges 7Y['0; g\ exist, the second term of the right-hand side of Eq.(4.6) must 
be written as a total variation, and hence there exists a vector B°'{ip), such that 



6 1 sp^p,g''B''i^j)= e;3„^,e'^e"(V';<5V') 

IdC JdC 



We then have 



'H[tp;g] 



£po 



dC 



(4.8) 
(4.9) 



QP'^{i>-g)^2g^PB'^\4>)\+nM 
where 7Yo[p] is an integration constant in the sense that it does not depend on the dynamical field variables. 

4.2 Poisson bracket algebra of the asymptotic symmetries 

Now we consider the Poisson bracket algebra of the conserved charges 'H.[g\C\ conjugate to asymptotic 
Killing vectors C^- Here, we assume that the background spacetime is described by the Einstein theory with 
or without the cosmological constant, where the Lagrangian is given by 

1 



L{9) 



IStt 



{R - 2A) . 



(4.10) 



In order to define 7i[g; C], we have to specify a partial Caucfiy surface C in Eq.(4.4), or equivalently, its 
boundary dC in Eq.( |4.6| ). Since we have imposed the boundary condition Eq.(233) on the null hypersurface 
II = 0, it will be appropriate to consider that a two-sphere on w = comprises a part of dC. Here, Cauchy 
surfaces can arbitrarily intersect that null hypersurface, so that they need not be degenerate at w = 0, and 
two-spheres at u = are not necessarily the bifurcation surface of the Killing horizon in the background 
spacetime. We should also take into account other possible parts of dC, if any, such as a large two-sphere 
at infinity. However, we can adjust the form of C, such that those parts of 9C, other than a two-sphere at 
w = 0, do not make any contribution to the conserved charges. This will be justified because there exist no 
equations that govern the behavior of C^ throughout the spacetime. Therefore, here we consider only the 
contribution from a two-sphere at w = 0. 

We must also verify that 7i[g;C] a-re well-defined under the boundary condition Eq.( 2.13 ) at f = 0. 
We thus examine whether Eq.( |4.7| ) is satisfied for (^g^^ = 0{v), by calculating uj^i,p{g;Sig,62g) for the 



Lagrangian Eq.(4.10), where Q^{g; Sg) is givenH by 



Idtt 



g^.uV'^Sg^' 



"^uSg 



up 



(4.11) 



By noticing that 82 © (3; ^ig) — Si Q^{g; (S23) is proportional to either (Jig^^ or 62gfii^, we obtain 



(^t,upig;'Sig,S2g) 

= (^2e/3M.p)e'3(5;^i.g)-(^i£0^,p)e'^(5;?25)+ e/s^-^p (^2 e'5(5;?i5) - 5i e''(.g;525)) 

= 0{v) . (4.12) 

Since ujfj_^p{g] Sig, S2g) vanishes at w = 0, Eq. ([4.7|) is satisfied, and hence we see that the conserved charges 
7Y[5; C] are well-defined under the boundary condition Eq.( p.l3| ). 

Once the conserved charges are found to be well-defined, we can consider the Poisson brackets between 
those conserved charges, which will be written as 



[T^ig'Xi] , T^[9'X2]j ^dc^H[g;Ci 



(4.13) 



in the covariant phase space. Here, 6(^2 denotes the variation generated by the Lie derivative of the metric 
along C^, whose action is thus defined by (5^2 Smj' — ^C29^i.i' and dc^^^i =0. In the context of the previous 
section, Sc^^ stands for nothing but the dynamical field transformation generated by the asymptotic Killing 
vector C^. 



If the Poisson bracket algebra is isomorphic to the Lie bracket algebra, Eq.( 4.13 ) will be equal to 
'H.[g'. Cq^C,2\- However, as in the case of the asymptotic symmetries in the 3-d anti-de Sitter spacetime||^, this 
is not the case in general (see also Ref. [|8| for the relevant issue). By recalling that 5 and 6^^ commute when 
they act on the well-defined conserved charges, and noticing that C^^^'^Iq^ Ci] = ^c-i^T^ld'^ Ci] +'^'^[5; 'CiJjCiIj 
we actually have 

^(^C2^[5;Ci] -'H[g;CQ,C,2]) ^ CQ,J'H[g-Xi\ 

^C2^fj^i^pi9^^Ci9i'Sg) 



^P 



Q dpuJf,^p{g;£^,g,5g) + dp{C2^Pupi9\-^Ci9,S9)) ■ (4-14) 



® &^{g\Sg) in Eq.( [4.1l| ) and Q^°'{g\0 ™ Eg. ( |4.2C| ) are defined only up to ambiguity[|l8| . Here, we make a natural choice, 
and effects of the ambiguity will be discussed in future investigations. 



The right-hand side of Eq.(4.14) vanishes, if Eqs.(p~^) and (4.7) are satisfied. As we have seen above, Eq.(4.7) 
is indeed satisfied. In addition, Eq.(|4.3|) also holds when the variations S are tangent to the covariant phase 
space, so that the perturbed metrics Sg^^i, satisfy the linearized Einstein equation. Here, we consider only 
those variations, as we did when we derived Eqs.(4.[) and (4.7), and integrate Eq.(4.14) in the covariant 
phase space. We then obtain 

IcM9-Xi]^n[g;Cc,C2]+K[CiX2] , (4.15) 

where i^[Ci,C2] is constant under the variations, i.e., 5K[(i,(2] = 0, and is referred to as the central term. 
Therefore, from Eqs.(4.13) and ( 4.15| ), we find that the Poisson bracket algebra of the conserved charges 
7Y[(7; C] is expressed as 

{H[g;Ci] , n[g;C2]}=n[g;Cc,(:2]+K[Ci,C2] • (4.16) 

We should evaluate the central term K[(^i,(^2] to establish the Poisson bracket algebra. Since the central 
term K[(iX2] does not depend on the dynamical field variables, we can calculate it on the background 
spacetime "g^^, as 

K[Ci, C2] = ^cM% Ci] - n[\, €^2] = c^M^g; Ci] • (4.i7) 

On the other hand, by substituting the definitions of B'^{g), J"{g;C) and Q"^{g;C) into the Lie derivative 
of Eq.(49), and integrating by parts, we obtain 



dc 



dC ^ 



(4.18) 



+ 0''"(°ff; Ci) (°V, C2") - Q/'-C^g; C2) ("V, Q) + 2 Cf C2"' H'a) ■ 

The second term in the right-hand side of Eq.( [4.1^ ) does not contribute, because it is an integral of a total 
divergence on the two-sphere dC, which has no boundary. Then, Eqs.( 4.17 ) and ( 4.18 ) are describecl|j as 

^c.^[°5; Ci]= I \ %.M^ kc.Q^^Cs; Ci) - ^ciQ^"(°5; C2) - Q^"("ff; C^i) 

JdC ^ L 

+ Q'''{\ Ci) (°v, C2") - Q^-{\ C2) (°v, C7) -f 2 cf C2"' i(°9)" 






("VXr)(°V^C: 



f0^1/-P\fO 



V^Cf)("V,C2")-°i?%C7C: 



>7aA 



/dc IStt 

-CfC2"l("i?-2A) 

where we substituted the form of Q^"{g; C) for the Lagrangian Eq. ([4.10| ), which is given by 



[/3.o],0, ,.A , l(0v-^f_0v/3<^a)(0v^^7)„l(0vo^|_0v/3^a)(0v^^7)]^(4.19) 



Idtt L 



(4.20) 



We note that the derivation of Eq. ( l.ig| ) is not based on the specific properties to asymptotic Killing vectors 
C^, and hence it is valid for arbitrary vectors. In particular, we can reproduce, by using Eq.(4.19), the correct 
value of the central charge of the Poisson bracket algebra associated with the asymptotic symmetries in the 
3-d anti-de Sitter spacetime [B. 

As we describe in Appendix g when we substitute Eq. ( ^.18 ) , the Einstein equation and the exact Killing 
equations for ^[J^, and ^[^) in the background spacetime, Eq.( 4.19| ) reduces to 

^ 5c2^[°9;Ci]=0, (4.21) 

''' Eq.(4.19) does not coincide with the corresponding expression in Ref. [h3]. This is because the variation corresponding to 
(5^2 acts on the conserved charges as the Lie derivative Cq^ in Rcf. ||l2|. 



where we used regularity of asymptotic Killing vectors, as well as the facts that ^[Ij is hypersurface orthogonal 
and proportional to V^w. Therefore, we have K[Ci, C2] = — 'H.^g; £(^^(,2], and the Poisson bracket algebra of 
the conserved charges is given by 

[H[g-Xi] , 'H[g-X2]}='H[g:C^,(:2]^'H[\CcM ■ (4.22) 

The last term of the right-hand side of Eq.( [4.22| ) looks like a central charge. However, we should examine 
whether it can be eliminated by constant shifts of the values of the conserved charges, or redefinition of 7Yo[C] 
in Eq.(4.£). Although the left-hand side of Eq.(4^2^ does not change under such shifts, the right-hand side 



does. In fact, if we redefine as 

^[5; C] - ^'[5; C] ^ nw. C] - ^[°9; C] , (4.23) 

such that Ti, [°g; C] — 0, the Poisson bracket algebra becomes 

[n'lg-Xi] , 'n'[g-X2]} = n'ig-^CcM , (4.24) 



where the central term has been eliminated, in contrast to the Virasoro algebra Eq.(L2) in the case of 
the 3-d anti-de Sitter spacetime|^. Therefore, we see that the Poisson bracket algebra associated with the 
asymptotic symmetries on Killing horizons does not acquire non-trivial central charges. Particularly, the 
supertranslations dependent only on the null coordinate, defined by Eq.( p.2E| ), yield the Poisson bracket 
subalgebra 

[n'WXk] , Ti'WXk']} = ^{k' - k)7i'[g-Xk+k'] , (4.25) 

which is isomorphic to the Dijf{S^) algebra. 

4.3 Extended symmetries 

The Poisson bracket algebra without a central charge Eq. ( [4.24| ) resulted from the boundary condition Sg^^i, — 
0{v). However, it may be possible that we obtain a central charge, if we consider a larger symmetry group 
by imposing a weaker boundary condition. While the asymptotic symmetry group we have analyzed so 
far preserves the translational invariance along the null direction as well as the spherical symmetries of a 
two-sphere at w = 0, event horizons in dynamically evolving spacetimes will not possess those symmetries. 
It may be necessary to take into account deformations of event horizons which violate those symmetries, in 
order to obtain the Virasoro algebra with non-trivial central charges. Then, it will be worth while considering 
extended symmetries by weakening the boundary condition. 

Although there will be many possible ways to weaken the boundary condition, essential structures of 
event horizons are required to be preserved. Since event horizons are generated by null geodesies in general, 
it will be reasonable to condition that null vectors on the Killing horizon in the background spacetime 
remain null even in perturbed spacetimes. Hence, we now impose the boundary condition g^u = C'(f ) near 
the hypersurface v = 0. By assuming as before that this condition is preserved when perturbations of the 
metric are generated by the Lie derivatives along extended symmetry vectors i,^, we have 

C.guu = Oiv) . (4.26) 

When we write 5^^ and ^^ as 

5m^ = 7m^ {u, e,(j)) + v h^,^ (u, 6*, (j)) + 0{v'^) , (4.27) 

'^^=<o,+«^('t,+0(i^'), (4.28) 



with juu = 0, and require that Eg. (4.26) holds for arbitrary perturbations 7^1^ and /ip,y, we obtain c" ~ 



du <??o) = and 9„ ij(o) = 0. Therefore, extended symmetry vectors <;^ are given as 

,^ = u;{u, e, <f) ^f;,, + A'" (0, 0) e[:, + « ^^ + 0(t^') , 



(4.29) 



where Z^^ is an arbitrary vector, and A^^^{0,(j}) are arbitrary functions of the angular coordinates 9 and 0, 
only two of which are independent. Eq.( f4.29| ) is the general form of tangent vectors to the hypersurface 
V — Q, except that ^[^)V^A'''(0, (p) ~ 0, which is required for the null vectors to remain null. Compared with 
asymptotic Killing vectors Eq.( p.lg ), ^'''(6*, </>) need not be constant and Z'' can differ from X^^iuj) in the 
case of extended symmetry vectors. 

Correspondingly, while the Killing horizon in the background spacetime is a null hypersurface even in 
the perturbed spacetimes g^i, — '^g^i, + C^'^g^^, the group of the extended symmetries described by <^'^ does 
not preserve the properties of asymptotic Killing horizons. The Killing horizon in the background spacetime 
may be deformed into a null hypersurface that does not look like a Killing horizon at all. Nevertheless, it 
will be meaningful to consider the extended symmetries in order to understand whether and how the Poisson 
bracket algebra acquires a central charge. Particularly, the conserved charges in the case of cj = ll){9, (j)) have 
been analyzed in Ref . |£3[ , where it is claimed that the algebra of the conserved charges does not involve any 
anomalous terms like a central charge. 

We then calculate the central term /^[<^i, 1^2] in the Poisson bracket algebra of conserved charges conjugate 
to extended symmetry vectors <;^, by assuming that those conserved charges are well-defined. We can apply 



Eq. ( [4.1S| ) by replacing C,^ with c,^ , because it is valid for arbitrary vectors, as we described before. From the 
derivation given in Appendix H, we obtain 



JdC ^f^"" '- 



Xi 



n[\.,c,M 



(4.30) 



where 'fe^^ is the volume element of a horizon two-sphere in the background spacetime and x is defined by 



Cm^Va^- 



2 kq ^ 



Z^'^Vxv 



(4.31) 



We see that a non-trivial central charge does not appear unless ^"^"VqA**' ^ 0. Since ^"j^V^'A**' gives rise 
to perturbations of the induced metric on a horizon two-sphere, it implies that we need to incorporate the 
diffeomorphism group of a spherically symmetric two-sphere in order to obtain a central charge. 

We have assumed above that conserved charges are well-defined. If well-defined conserved charges con- 
jugate to extended symmetry vectors <r'^ exist, however, it is necessary that Eq.(^J) with -0" = g^y and 
gfj. _ ^M holds for 5g^i, — C,;^g^i, on the background spacetime "g^iy. Since ^[^) belongs to extended symmetry 
vectors <^^, we particularly require 



dc 



ff„a;^^,(°5;Ai°5,A."9) = 



By substituting Eq.(4.29), Eq.( |4.32 ) is rewritten as 



dC 



0, 



(4.32) 



(4.33) 



where x is defined by Eq.( [4.3l[ ). Since a horizon two-sphere in the background spacetime is spherically 
symmetric, it will be reasonable to take into account all modes of perturbations of a horizon two-sphere 
on an equal footing and allow A''' (0,0) to take arbitrary forms. Then, we can show from Eq.(4.3S) that x 
should be written in the form 

X = F[u) iiyxA'-' (0, 0) + S{e, 0) , (4.34) 



where F{u) is a universal function of u in the sense that it takes the same form for all <;'', while S{d, 
denotes an arbitrary function that can vary from one extended symmetry vector to another. 



We notice that the term proportional to F{u) in Eq.(4.34), which results from the fact that uj{u,6,(f>) 
and Z^^ can depend on the null coordinate, does not contribute to the central term i^[<ri,<r2]- The func- 
tions A'"' (0,0) and S{0,(j)), which depend only on the angular coordinates, are essential for contribution to 
K[<;i, ■^2]- On the other hand, in order to obtain the Virasoro algebra, whether or not it has non- trivial cen- 
tral charges, we need the Diff{S^) group, i.e., the diffeomorphism group of a circle. Those facts imply that 
reduction of the group of the extended symmetries, which arbitrarily depends on the angular coordinates of 
a two-sphere, is necessary to obtain the Virasoro algebra with non-trivial central charges. Especially, since 
A''' (0, (f) describe diffeomorphisms on a spherically symmetric two-sphere, we must reduce the diffeomor- 
phism group of a two-sphere to that of a circle. Of course, there are infinitely many ways to specify a circle 
on a two-sphere, and we do not have any convincing reasons to pick up a particular circle on a spherically 
symmetric two-sphere. Therefore, we should unnaturally reduce the the group of the extended symmetries in 
order to obtain the Virasoro algebra with non-trivial central charges, and such reduction will not be justified 
when we respect the spherical symmetry of a horizon two-sphere in the background spacetime. 

5 Summary and discussions 

In this paper, we have analyzed the asymptotic symmetries on Killing horizons in static and spherically 
symmetric spacetimes. The asymptotic symmetries are generated by asymptotic Killing vectors, along which 
the Lie derivatives of the perturbed metrics vanish on the Killing horizon in the background spacetime. We 
gave the general form of asymptotic Killing vectors and found that the asymptotic symmetry group consists of 
rigid 0(3) rotations of a horizon two-sphere and supertranslations along the null direction, which arbitrarily 
depend not only on the angular coordinates, but also on the null coordinate. The supertranslations which 
depend on the null coordinate will be expected to play an important role in physics of the black hole entropy, 
because supertranslations of the B.M.S. group also depend on the angular coordinates, with which no entropy 
will be associated. In particular, we found that the Lie bracket algebra of the supertranslations that depend 
only on the null coordinate is isomorphic to the Diff{S^) algebra. The existence of the Diff{S^) subalgebra 
was necessary, if the Bekenstein-Hawking formula could be reproduced for generic black holes by the same 
method as that of the B.T.Z. black hole. We also considered reduction of the asymptotic symmetry group, 
and discussed the difference between the structure of the asymptotic symmetry group on the cosmological 
horizon in the de Sitter spacetime and that of the B.M.S. group, by comparing with the isometry groups in 
the maximally symmetric spacetimes. 

We then introduced the notion of asymptotic Killing horizons, which are defined in perturbed spacetimes 
and possess the local properties similar to those of exact Killing horizons. Although it is trivial that the 
local properties of asymptotic Killing horizons are invariant under diffeomorphisms, we showed that those 
are also preserved under the two types of non-trivial transformations, which are equivalent to each other up 
to diffeomorphisms. Under dynamical field transformations, the metric is transformed by the Lie derivatives 
along asymptotic Killing vectors, while the horizon generating vector is fixed. On the other hand, horizon 
deformations transform the horizon generating vector, with the metric fixed. Thus, we found that the 
asymptotic symmetry group generates deformations of an asymptotic Killing horizon, which keep its local 
structures. We also found that the supertranslations that depend non-trivially on the null coordinate play 
the distinguishable role in the behavior of the surface gravity of an asymptotic Killing horizon, based on 
which we speculated that those may be related to the Euclidean approach to black hole thermodynamics. 



In order to clarify the features of asymptotic Killing horizons, here we compare asymptotic Killing 
horizons with weakly isolated horizons [pi ^q|, which have been generalized from isolated horizons so that 
distorted and rotating horizons are incorporated. A weakly isolated horizon is defined by a pair (A, [l^]) 
of a 3-d null hypersurface A representing the horizon and an equivalence class [l'^] of null vectors on A 
under constant rescalings. Those null vectors /'' G [/**] generate the translational isometry along the null 
direction on a weakly isolated horizon, and thus play a similar role to the horizon generating vector ^['^j of 
an asymptotic Killing horizon. On an asymptotic Killing horizon, we can show by using Eq.(|3.14) that 



^[;., [^c, v^] er„ = Cm er^^r;;^ = s^ q^ , (5.1) 

which does not vanish even if C^ is equal to C,, , because ^[J,, is not an exact Killing vector in perturbed 
spacetimes, and then 6k does not vanish in general. On the contrary, one of the conditions of weakly isolated 
horizons requires 

F[Ci,V^]r^Q. (5.2) 



In fact, the null vectors l'^ that satisfy Eq.(5_^) do not exist on an asymptotic Killing horizon generally. 
Therefore, asymptotic Killing horizons do not necessarily satisfy the condition of weakly isolated horizons, 
and the asymptotic symmetry group generates deformations of a Killing horizon that cannot be described 
by weakly isolated horizons. Correspondingly, the symmetry group of a weakly isolated horizon does not 
contain the supertranslations that depend on the null coordinate g. This is related to the fact that the 
surface gravity is not constant over an asymptotic Killing horizon, while it is on a weakly isolated horizon 
(the zero-th law of weakly isolated horizons). However, as we mentioned before, the variation of the surface 
gravity over an asymptotic Killing horizon does not necessarily violate the zero-th law of ordinary black hole 
thermodynamics, because the surface gravity of an asymptotic Killing horizon is not directly related to the 
temperature of the horizon. Accordingly, we have not analyze the first law of asymptotic Killing horizons 
either, whereas the first law of weakly isolated horizons has been established. Another remarkable difference 
is that asymptotic Killing horizons are defined only when an exact Killing horizon exists in the background 
spacetime, while weakly isolated horizons can be defined without referring to any background structures. 

By employing the covariant phase space formalism and focusing on the Einstein theory with or without the 
cosmological constant, we also considered the Poisson bracket algebra of the conserved charges conjugate to 
asymptotic Killing vectors, and showed that the Poisson bracket algebra does not acquire non-trivial central 



charges, similarly to the result in the case of weakly isolated horizons] 15 . Hence, the Poisson bracket algebra 
of the asymptotic symmetry group cannot contain the Virasoro algebra with non-trivial central charges, while 
the Lie bracket algebra contains the Diff{S^) algebra as a natural subalgebra. Therefore, we see that we 
cannot derive the Bekenstein-Hawking formula from the asymptotic symmetries on Killing horizons by the 
same method as that of the B.T.Z. black hole. We then considered the weakened boundary condition and 
derived the extended symmetries, where null vectors on the Killing horizon in the background spacetime 
remain null in perturbed spacetimes. We found that the group of the extended symmetries that can result 
in a central charge in the Poisson bracket algebra is essentially described by the functions dependent only on 
the angular coordinates of a spherically symmetric two-sphere. Hence, unnatural reduction of that group to 
the Diff{S^) subgroup is necessary in order to obtain the Virasoro algebra with non-trivial central charges. 
It involves an artificial choice of a circle among infinitely many possible ones on a two-sphere, and thus it 
will not be justified because a horizon two-sphere in the background spacetime is spherically symmetric. 

Because the Virasoro algebra is associated with conformal invariance and event horizons are conformally 
invariant, it will be meaningful to describe the asymptotic symmetries on Killing horizons in terms of 



conformal transformations. (The B.M.S. group is also related to conformal completion of an asymptotically 
flat spacetime.) We first notice that the asymptotic symmetry group on a Killing horizon is given only by 
the subgroup of conformal transformations whose conformal factors arc unity on the horizon. When we 
allow the conformal factors to take arbitrary forms on the horizon, it turns out, from the existence condition 
of well-defined conserved charges, that the conformal factors are required to have universal dependence on 
the null coordinate on the horizon, while they can depend arbitrarily on the angular coordinates. This is 
the same circumstance as that we are faced with in the analysis of the extended symmetries. We need to 
unnaturally reduce the group in order to obtain the Virasoro algebra, even if it is possible. Therefore, if we 
attempt to derive the Virasoro algebra, it is natural to consider only the conformal transformations whose 
conformal factors are unity on the horizon, whereas we cannot obtain non-trivial central charges. 

In this paper, we have presented the explicit results only for the future cosmological horizon in the 
4-d de Sitter spacetime, but those results are valid for more general cases. The analyses in Section || 
and Section Q, except for the reduced asymptotic symmetries, apply to arbitrary Killing horizons with the 
non-vanishing surface gravity in static and spherically symmetric 4-d spacetimes. If those spacetimes are 
described by the Einstein theory with or without the cosmological constant, the results in Section also 
hold without additional restrictions. Furthermore, it will be straightforward to generalize those results into 
higher-dimensional spacetimes, as it is obvious from the derivations of asymptotic Killing vectors and the 
central term of the Poisson bracket algebra. The asymptotic symmetry group will consist of supertranslations 
in the null direction and rigid rotations of a horizon sphere with the higher-dimensional spherical symmetries. 
We will obtain the same conclusion about reduction of the group of the extended symmetries as well. It is 
also expected that supertranslations and the rotation around the symmetry axis are allowed as asymptotic 
symmetries even in the case of 4-d rotating black holes. In this case, however, we can pick up the direction 
of the rotational symmetry as the special direction on a two-sphere, and then we may naturally reduce the 
group of the extended symmetries to the Diff{S^) subgroup. Moreover, we need not worry about reduction 
in the case of 3-d black holes, where a horizon sphere is a circle. In this respect, it will be interesting to 
clarify whether the extended symmetries are related to the microscopic derivations of the entropy in the 3-d 
spacetimes! 24, |2^. However, it does not provide the general framework, since such a specific choice of a 
direction does not work in spherically symmetric spacetimes with the dimensions greater than four. It does 
not work either in the case of higher-dimensional rotating black holes, because we will have two or more 
directions of rotational symmetry. Therefore, we can conclude that the asymptotic symmetries on Killing 
horizons or their extension do not provide the universal method, by which the Bekenstein-Hawking formula 
is reproduced for generic black holes in the same way as that of the B.T.Z. black hole. 

However, it does not necessarily imply that we cannot describe the black hole entropy by the asymptotic 
symmetries on Killing horizons. In fact, there are some evidences that asymptotic symmetries are important 
to understand the black hole entropy, such as the successful results in the 3-d spacetimes |7[ 24, g5| and 
the recent investigation of the asymptotic symmetries on the spacelike hypersurfaces at the infinite past 
and future in the de Sitter spacetime pq]. Since the universal feature in black hole spacetimes is presence 
of black hole horizons, we can expect that the asymptotic symmetries on Killing horizons are responsible 
for the black hole entropy. In addition, 2-d conformal symmetry plays a crucial role in the successful 
results mentioned above and the analysis of Rcf . ||27[| , as well as in string theory. Presence of the Diff{S^) 
subgroup, which results from the supertranslations dependent only on the null coordinate, indicates that 
the asymptotic symmetries on Killing horizons are also equipped with the feature related to 2-d conformal 
symmetry. Conformal symmetry on black hole horizons has been analyzed also in Ref. pq| by the method 



based on the optical metric, while the relevant asymptotic symmetries in Rcf. 28 are essentially described 
by constant parameters and a function dependent only on the angular coordinates, and hence those are 
different from the asymptotic symmetries considered in this paper. 

Although the Poisson bracket algebra of the asymptotic symmetry group on Killing horizons does not 
possess a central charge, we may possibly reproduce the Bekenstein-Hawking formula by different methods 
from that of the B.T.Z. black hole. Particularly, we will need to consider quantum theories, while the 
analyses in this paper are purely classical. The commutators of the generators in a quantum theory may 
acquire a central charge, as in the case of quantization of a string, whereas such a quantum theory has not 
been developed so far. It will be also interesting to explore the possibility that we derive the temperature of 
a black hole horizon from the asymptotic symmetries. In any case, we should clarify in future investigations 
whether we can indeed derive the thermodynamic features of black holes microscopically, by methods based 
on the asymptotic symmetries on Killing horizons. 
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A Derivation of asymptotic Killing vectors 



In this appendix, we write down the explicit forms of Eqs.(^.15) and (2.32|), and derive asymptotic Killing 



vectors (^ and reduced asymptotic Killing vectors 77^. To do so, we write the asymptotic forms of the metric 
components as 

guv = -2 + V huv{u,e,(f)) + v^ kuviu,9,(t>) + 0{v^) , (Al) 

gee = rl+v hgg{u, 0, (f) -f w^ kee{u, 9, </>) -I- 0{v^) , (A.2) 

300 = rl sin26' + v h^^{u, 9, (j)) + v^ k^^{u, 9, (j)) + 0{v^) , (A.3) 

g^l.v — Q + V h^,^{u, 9, (j)) + v^ kfj^i,{u, 9, (f>) + 0{v^) for other components , (^-4) 



where the leading terms are specified from Eq.(2.5). 

We first leave hf^,^ arbitrary and derive asymptotic Killing vector C^. By substituting Eqs.(A.l)-(A.4) 



and (2.16) into Eq.(2.15), and requiring that the terms of 0{1) in Eq.(p.l5) vanish, we have 



/i™cr„,-4cr„ = o, (A.5) 

/i„.Cro,-2C,-2a„Co)=0, (A6) 

/in«Co, -4 9„Cro, =0, (A7) 

/i„,Cro, -2 5,Cro,+r-Ua, =0, (A8) 

h,^ C^o, - 2 d^Q, + rl sin^fl C(t, = , (A.9) 

hue Co, - 2 deQ, + rl 9„Cfo, = , (A.IO) 

hu^ C"„ - 2 d^Q, + rl sin^e a.Cfo, = , (A.ll) 

heeC^,,+2rldgCf„,^0, (A12) 

he^ Co, + rl a^Cfo, + rl sin^9 S^Cfo, = , (A.13) 



h^^ ((") + 2 rl sin e cos 9 C' , + 2 r^ sin^^ a^C(t, = • 



(A.14) 



Since Eqs.(A.5)-(A.14) should hold for arbitrary forms of /i^;^, we obtain 

cr„) = , (A.15) 

Ci, = , (A.16) 

' if 

(A.19) 

(A.20) 
(A.21) 
(A.22) 
(A.23) 
(A.24) 

We notice that Eqs.( A.20| )-(A.24) decouple from the others and give the 2-d Killing equation on a sphere 
for C(^(,j and (fg-^, while Eqs.( Al^ )-( A.ig| ) determine the other variables in terms of Q^y When we solve those 
equations, we find that the general form of asymptotic Killing vectors C^ is written as a linear combination 
of 
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(A.25) 



and the Killing vectors ^[^j of 0(3) rotations. Then, C^ is rewritten, by using Eqs.( ^.17| ) and ( 2.1(S ), as 

C^ = tj(w, 0, 0) eft, + a<" Cw + V X^{uj) +v^Y^' + ©(w^) . (A.26) 

Next, we derive reduced asymptotic Killing vectors 77^ in the de Sitter spacetime. We substitute 
Eqs.(A.l)-(A.4) as well as Eq.(2.33) into Eq.( 2.32| ), with r^ ^ i and /i^^ set equal to that of the de Sitter 
spacetime, as 

4 w 
huv — — 75- : hgg — Au , hcj,^ ~ Au sin 6 , h^^ = for other components . (A. 27) 



Now, Eq.( 2.32 ) is required to hold for arbitrary forms of fc^^. From the condition that the terms of 0(1) in 
Eq.( 2.32| ) vanish, we obtain the same equations as Eqs.(A.15) -(A2J) with C^ replaced by 77^. By making 
use of those equations, the condition that the terms of 0{v) vanish yields 
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and 9u?7(") = 0. Eqs.(A.32)-(A.3(:) constrain rf^^^ to take the forms 



u , sm y e 



cost 



s*"^ or 0, 



(A.33) 
{AM) 
(A.35) 

(A.36) 

(^.37) 



while Eqs.( A.2q )-(A.31) determine ryj^j, ry^^j, Ty^^, and rf^^) in terms of 77^^. Then, by using again the same 
equations as Eqs.(AT^)-(A.24) with Th — i, we can derive the general form of 77^^, which is given as a linear 



combination of the vectors defined by Eqs.( |2.34[ )- (|2.38|) 



B Calculation of a central charge 

In order to find the form of the central term i^[<ri, 1^2] in Eq.( 4.30| ), we need to calculate 
where c^" is defined as 
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^f3a _ /V77^a^ 



= (V-.f ) (V,,,^) - ± R^%, ,,\2' + ^ 4^2-' {R ~ 2A) + (V[",f (V.^2^) - (1 - 2 



M^ 



{B.l) 



{B.2) 



2 " ''^ '''■' '2 

for extended symmetry vectors (^^. Eq.( |B.l| ) along with Eq.( [B.2| ) reduces to Eq.( [4.19[ ) when asymptotic 
Killing vectors C^ are substituted in place of i;^ . 



As we argued in Section H, we only have to evaluate Eq.(_B.l) on the background spacetime. Then, we 
can apply the exact Killing equations for ^[^, and ^[^) , which are valid globally in the background spacetime. 
We also introduce A^^ = £<;g^,y|u=o, which is expressed, in terms of the KiUing vectors, as 

A'^'' = 2e[r)(V'''^) + 2e[.';(V^M<") + 2Z('^(V^)7;) + 0{v) . (B.3) 

Here and hereafter, we omit the symbol that has been used for quantities in the background spacetime, 
because of simplicity of expressions. 



By substituting Eqs.(4.2£) and ( |B.3| ) as well as the Killing equations into Eq.(B.2), we obtain, after a 
lengthy calculation involving integration by parts. 



c^" = 



+ (V^Ar>) {y^A^^>) ?{^CS + {V,v) (Vv) Z^^Z^^ - (1 - 2)] + V^Fl'^-^l + o{v) 
where A = g'^^'A^^ and i^[/5"Tl is given by 



(B.4) 



(i?.5) 



In deriving Eq.(B.4), we assumed that <;'^ are regular at u = 0, substituted the Einstein equation as well as 
the hypersurface orthogonality of ^[^j, and used the fact that V^v is proportional to ^[^^ at w = 0. 



We then rewrite £^a 



fiiy ' 



rl3a 



by using the relations ^("^)VaA<') = and ^?L)V^^(^,, = S.^y^-r^.^H) = 0- The 
former is the condition for <;^, as we derived in Section El and the latter is shown from the Lie brackets 
between the Killing vectors and the fact that a horizon two-sphere is spherically symmetric. By using again 



Eq.(B.3) and the hypcrsurface orthogonality of f[t), we have 



^ f3afii^ C 
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2ef„ A2^a(V^c^i) - A2 C)V"^i -^^Z,^o.Af ~2Kuj^il,^^Af - (l ^ 2) 



- ^y 



(^[^,V„A<")(C,1,Vac^2 + 2kc^2 - Z^^xv) - (^")Va4")(^(l,VAt^i +2nuji- Z^V xv) 



+ \d^ep^^,F^P'''<^+0{v) 



iB.6) 



where e^j/ = epafni C(l) "" ^^ ^^^ volume element of a horizon two-sphere 9C, and the null vectors normal to 



dC are normalized as ^^j rip = —1. The second term of Eg. ( 5.6 ) does not make any contribution, because 
it is totally divergent and a horizon two-sphere has no boundary. Therefore, we obtain, 



where we defined as 



JdC -'^D"' L 



X = e-l)VAW + 2Kc^-Z^VAV 



(B.7) 



(B. 



We see that Eq.( j?.7 ) gives Eq.( 4.3C ), and reduces to Eg. ( 4. 21 ) when <;'^ are replaced by asymptotic 
Killing vectors C''. 



C Killing vectors in the de Sitter spacetime 

Here, we list the Killing vectors in the de Sitter spacetime, for the purpose of comparison with asymptotic 



Killing vectors. In the coordinate system of Eq.(2.3), those are given by 
d d 



e 



ov ou 



3 u d 

C) = ^ cos6' cos6l — 

' ov t ou uv + r/ 



2tu . ^ d 



d 



?(ii) = ^ cos 61 — - ^ cos 61 , 

t Ov Ou uv + (.-^ 



2£v . ^ d 



?(_L±) 

?(ll±) 



smW e 

,2 



d u^ 



d 



2£u 



■ sm a e 



^±i4 



du uv + P 



^±H 



i 



dv 



tsmee^"^ 



d_ 
du 



2(.v 

LV + P 



cost/ e 



±20 



d 



2iu e^"t' d 



uv + P sin 9 dcj) 
2(.v e^"^ d 



de ^ ^uv + P sin 61 



d 



±id 



de 



+ i cot e e 



±id 



d 



(C.l) 

(C.2) 
(C.3) 
(C.4) 
(C.5) 
(C.6) 
(C.7) 
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